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In this brief note we investigate the conditions under which a Schwarzschild de Sitter black hole
spacetime is a solution of the mimetic F (R) gravity with Lagrange multiplier and potential. As we
demonstrate, the resulting mimetic F (R) gravity is a slight modification of the ordinary F (R) gravity
case, however the resulting perturbation equations are not in all cases identical to the ordinary F (R)
gravity case. In the latter case, the perturbation equations are identical to the ones corresponding
to the Reissner-Nordstro¨m anti-de Sitter black hole.
PACS numbers: 04.50.Kd, 95.36.+x, 98.80.-k, 98.80.Cq,11.25.-w
I. INTRODUCTION
One of the most appealing features of modified gravity models [1–8], is that these can consistently explain the
late-time acceleration era which was firstly observed in the late 90’s [9]. In addition to the late-time acceleration,
the early-time acceleration era [10–17] can be incorporated in the same theoretical framework with the late-time
acceleration, if these are described by modified gravity models, see for example [18–22]. With regards to the late-time
acceleration era, the late-time acceleration itself is attributed to a perfect fluid of negative effective pressure, called
dark energy, and this dark energy overwhelms over all other perfect fluids, in the present day total energy density,
having a percentage of (∼ 68.3%). For an important stream of papers on dark energy we refer the reader to [23–
28] and references therein. The rest of the energy density of our Universe is described by ordinary luminous matter
(Ωm ∼ 4.9%), and of dark matter (ΩDM ∼ 26.8%). With regards to dark matter, a lot of proposals exist aiming to the
successful description of this component of the Universe content, and in some cases it is described by a particle which
weakly interacts with ordinary matter, see for example [29] for some proposals. Another quite appealing description
of dark matter is provided by mimetic gravitational theories of any kind, firstly introduced in [30], in the context of
Einstein-Hilbert gravity, and later developed in [31–49].
In this paper we apply the analysis of [46] in the case of the mimetic F (R) gravity Schwarzschild de Sitter black
holes, in which case we use again the Lagrange multiplier formalism [50, 51] in order to realize the mimetic constraint.
For a recent work on the Schwarzschild de Sitter black holes in F (R) gravity, see [52]. As we demonstrated in [47],
the Reissner-Nordstro¨m-anti de Sitter black holes are solutions of a trivial mimetic F (R) gravity, and the resulting
equations of motion, when these are linearly perturbed, they lead to anti-evaporation phenomena, like in [53] for
ordinary F (R) gravity. As we demonstrated in [47], the resulting mimetic F (R) gravity was the same as an ordinary
F (R) with an additional cosmological constant, and therefore the linearly perturbed equations of motion lead to
anti-evaporation phenomena [53–57]. For some relevant works on black holes in modified gravity see [58–70] and
references therein. As we demonstrate in the present work, the Schwarzschild de Sitter black hole is a solution of
trivial mimetic F (R) gravity, which is an ordinary F (R) gravity with a cosmological constant. Also, the perturbed
equations of motion can be identical to the ones corresponding to the Reissner-Nordstro¨m anti-de Sitter black holes,
leading to anti-evaporation. Also there are cases that the perturbed equations of motion have different form, from
the ones corresponding to Reissner-Nordstro¨m anti-de Sitter black holes, in which case anti-evaporation also occurs,
as in Ref. [54].
This letter is organized as follows: In section II, we present the theoretical framework of mimetic vacuum F (R)
gravity with Lagrange multiplier and mimetic potential. We also investigate when the Schwarzschild de Sitter black
hole is a solution of the mimetic F (R) gravity in the absence of any matter fluid. In section III we investigate the
linear perturbations of the Schwarzschild de Sitter black hole equations of motion and discuss all the possibilities.
The conclusions follow in the end of the paper.
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2II. MIMETIC F (R) GRAVITY AND SCHWARZSCHILD DE SITTER BLACK HOLES
Up to now there exist several works on mimetic F (R) gravity [33, 46–49], and this theory was firstly developed in
[33], by using the Lagrange multiplier formalism [50, 51]. In the mimetic gravity formalism, the physical metric is
written in terms of an auxiliary scalar field φ and an auxiliary metric tensor gˆµν , as follows,
gµν = −gˆµν∂ρφ∂σφgˆµν . (1)
Practically, in the mimetic gravity formalism we make use of the internal conformal degrees of freedom of the metric,
so by varying the action of mimetic Einstein-Hilbert gravity, with respect to the metric gˆµν we obtain the following
constraint,
gµν(gˆµν , φ)∂µφ∂νφ = −1 , (2)
to which we shall refer to as the “mimetic constraint”. Note that under the transformation gˆµν = e
σ(x)gµν , the Eq.
(1) is invariant and effectively the auxiliary metric is absent from the final action. In the context of mimetic F (R)
gravity with Lagrange multiplier λ and potential V (φ) without matter fluids, the action is equal to [33],
S =
∫
dx4
√−g (F (R(gµν))− V (φ) + λ (gµν∂µφ∂νφ+ 1)) . (3)
Upon varying the action of Eq. (3), with respect to the metric gµν , we acquire the following equations of motion,
1
2
gµνF (R)−RµνF ′(R) +∇µ∇νF ′(R)− gµνF ′(R) (4)
+
1
2
gµν (−V (φ) + λ (gρσ∂ρφ∂σφ+ 1))− λ∂µφ∂νφ = 0 .
In addition, the variation of the action (3) with respect to the scalar field φ, yields,
− 2∇µ(λ∂µφ) − dV (φ)
dφ
= 0 , (5)
while the variation with respect to the Lagrange multiplier λ, yields the unimodular constraint of Eq. (2), as was
expected, that is,
gρσ∂ρφ∂σφ = −1 , (6)
Having presented the essential features of mimetic F (R) gravity with potential and Lagrange multiplier, now we
investigate under which conditions the mimetic F (R) gravity has the Schwarzschild de Sitter black hole spacetime as
a solution of the corresponding field equations.
The question is what is the form of the spherically symmetric metric which is a solution of the mimetic F (R) gravity
theory, with the spacetime curvature being constant. Consider the following spherically symmetric metric,
ds2 = gµνdx
µdxν = −A(r)dt2 +B(r)dr2 + r2dΩ2 , (7)
where A(r) and B(r) are smooth and differentiable functions of r, and in moreover, dΩ2 denotes the metric of unit
2-sphere. Consider the class of metrics which satisfy the following conditions,
A(r) =
1
B(r)
, R = R0 , (8)
with R denoting as usual the Ricci scalar, and R0 a positive constant. The Ricci scalar corresponding to the metric
(7), reads,
R = −A′′(r) − 4
r
A′(r) − 2
r2
A(r) +
2
r2
, (9)
with the “prime” denoting differentiation with respect to the radial coordinate r. For R = R0, we get,
−A′′(r) − 4
r
A′(r) − 2
r2
A(r) +
2
r2
= R0 , (10)
3the solution of which is,
A(r) = 1− r
2
12
R0 +
C1
r
+
C2
r2
. (11)
By setting the arbitrary integration constants as C1 = −M and C2 = Q, we obtain,
A(r) = 1− R0 r
2
12
− M
r
+
Q
r2
. (12)
When Q = 0, the metric becomes,
ds2 = −
(
1− R0 r
2
12
− M
r
)
dt2 +
1(
1− R0 r212 − Mr
)dr2 + r2dΩ2 , (13)
which describes the Schwarzschild-de Sitter black hole spacetime. This spacetime has two event horizons, a cosmolog-
ical and an event horizon, which can be found by solving the equation 1
grr
= 0. We shall be interested in the limiting
case for which the two horizon coincide. The it can be shown that the metric becomes identical to that of the Nariai
spacetime [54],
ds2 =
1
M2+ cosh
2 x
(
dt¯2 − dx2)+ 1
M2+
dΩ2 , (14)
where x is a variable defined in terms of the radial coordinate r, and M is a mass scale. For details on the derivation
of the Nariai metric from the Schwarzschild-de Sitter black hole spacetime, we refer to Refs. [46, 53, 54]. It is exactly
the Nariai metric of Eq. (14) which we will perturb, but before going to this, we perform an analysis of the mimetic
F (R) solutions. As we demonstrate, the resulting mimetic F (R) theory is a trivial extension of F (R) gravity.
Indeed, by using Eqs. (5) and (6), the equations of motion of Eq. (4), take the following form,
1
2
gµνF (R)−RµνF ′(R) +∇µ∇νF ′(R)− gµνF ′(R) + 1
2
gµν (−V (φ)) − λ∂µφ∂νφ = 0 , (15)
and since R = R0 and therefore a constant, we obtain,
1
2
gµνF (R)−RµνF ′(R)− 1
2
gµνV (φ)− λ∂µφ∂νφ = 0 , (16)
Upon contraction, Eq. (16) becomes,
2F (R)−RF ′(R)− 2V (φ) − λgµν∂µφ∂νφ = 0 , (17)
and by also taking into account Eq. (6), we obtain,
F (R) =
RF ′(R)
2
+ V (φ)− λ
2
. (18)
By combining Eqs. (18) and (16), we obtain,(
gµνR
4
−Rµν
)
F ′(R)− gµν
(
3λ
4
)
= 0 . (19)
The term
(
gµνR
4 −Rµν
)
for the Schwarzschild de Sitter metric of Eq. (13) is identical to zero, so the only solution for
the mimetic F (R) gravity is V (φ) = Λ, and λ = 0, with Λ being a constant. Hence, the resulting mimetic theory is a
trivial extension of the F (R) gravity, at least when a constant curvature spherically symmetric solution is considered.
Note that in all cases, we can either have F ′(R) = 0 or F ′(R0) 6= 0, for the Schwarzschild de Sitter case, which
will modify the resulting anti-evaporation picture in comparison to the ordinary F (R) gravity case, studied in Ref.
[54]. In the following we shall consider the implications of these considerations in detail, by investigating the linear
perturbations of the equations of motion. for the metric (14).
4III. PERTURBATIONS OF THE MIMETIC F (R) SCHWARZSCHILD DE SITTER BLACK HOLE
Having described in brief the conditions under which the Schwarzschild de Sitter black hole is a solution of mimetic
F (R) gravity, we now proceed to the perturbations of the field equations. Recall that the mimetic F (R) gravity
solution for R = R0 has the following trivial form,
V (φ) = Λ, λ = 0, F (R0) =
RF ′(R0)
2
+ Λ . (20)
Obviously the resulting picture is slightly different from the ordinary F (R) gravity, due to the appearance of the
constant term Λ, but the constant Λ can be absorbed into the redefinition of the F (R) gravity, so this is why it is
slightly different from the ordinary F (R) case. It is owing to this trivial difference, that the perturbations around the
constant curvature solution corresponding to the mimetic and ordinary F (R) are almost identical. Note that F ′(R0)
and Λ are not constrained, so the possible choices are that these can be positive or negative, zero or non-zero. This
will play some role in the following analysis. The resulting equations of motion on which we perform perturbations
are,
1
2
gµνF (R)−RµνF ′(R)− 1
2
gµνΛ = 0 . (21)
In addition, we perturb the resulting Nariai metric of Eq. (14), as follows,
ds2 =
e2ρ(x,t¯)
M2+ cosh
2 x
(
dt¯2 − dx2)+ e−2ϕ(x,t¯)
M2
−
dΩ2 , (22)
where the functions ρ(x, t¯) and ϕ(x, t¯) are smooth and differentiable functions of x and t¯, defined as follows,
ρ(x, t¯) = − ln(coshx) + δρ, ϕ = δϕ . (23)
By using the perturbed metric (22) and, we obtain the following set of equations corresponding to the (t¯, t¯), (x, x),
(x, t¯), (t¯, x), (θ, θ) and to (φ, φ) components of the metric,
e2ρ
2M2
F (R)−
(
ρ¨+ 2ϕ¨+
∂2ρ
∂x2
− 2ϕ˙2 − ∂ρ
∂x
∂ϕ
∂x
− 2ρ˙ϕ˙
)
F ′(R) +
∂2F ′(R)
∂t¯2
− ρ˙ ∂F
′(R)
∂t¯
− ∂ρ
∂x
∂F ′(R)
∂x
(24)
+ e2ϕ
∂
∂x
(
e−2ϕ
∂F ′(R)
∂x
)
− e2ϕ ∂
∂t¯
(
e−2ϕ
∂F ′(R)
∂t¯
)
− e
2ρ
2M2
Λ = 0 ,
− e
2ρ
2M2
F (R)−
(
ρ¨+ 2
∂2ϕ
∂x2
− ∂
2ρ
∂x2
− 2
(
∂ρ
∂x
)2
− 2∂ρ
∂x
∂ϕ
∂x
− 2ρ˙ϕ˙
)
F ′(R) +
∂2F ′(R)
∂x2
− ρ˙ ∂F
′(R)
∂t¯
− ∂ρ
∂x
∂F ′(R)
∂x
(25)
− e2ϕ ∂
∂x
(
e−2ϕ
∂F ′(R)
∂x
)
− e2ϕ ∂
∂t¯
(
e−2ϕ
∂F ′(R)
∂t¯
)
+
e2ρ
2M2
Λ = 0 ,
−
(
−2∂ϕ˙
∂x
− 2∂ϕ
∂x
ϕ˙− 2∂ρ
∂x
ϕ˙− 2ρ˙∂ϕ
∂x
)
F ′(R) +
∂2F ′(R)
∂x∂t¯
− ρ˙∂F
′(R)
∂x
− ∂ρ
∂x
∂F ′(R)
∂t¯
= 0 , (26)
e−2ϕ
2M2
F (R)− M
2
M2
e−2(ρ+ϕ)
(
−ϕ¨+ 2∂
2ϕ
∂x2
− 2
(
∂ϕ
∂x
)2
+ 2ϕ˙2
)
F ′(R) + F ′(R) (27)
+
M2
M2
e−2(ρ+ϕ)
(
ϕ˙
∂F ′(R)
∂t¯
− ∂ϕ
∂x
∂F ′(R)
∂x
)
− M
2
M2
e−2ρ
[
− ∂
∂t¯
(
e−2ϕ
∂F ′(R)
∂t¯
)
+
∂
∂x
(
e−2ϕ
∂F ′(R)
∂x
)]
− e
−2ϕ
2M2
Λ .
Considering now that the perturbations are located around the constant curvature solution, we can obtain the per-
turbed equations around R = R0. At this point however it is crucial to present in brief how each term is transformed
and also discriminate the case for which F ′(R0) = 0 or F
′(R0) 6= 0. We start off with the transformation properties
of each perturbed term, so these are as follows,
δ
[
e2ρ
2M2
F (R)
]
=
δρe2ρ
2M2
F (R0) +
e2ρ
2M2
F ′(R0)δR , (28)
5δ
(
− 2ϕ˙2 − ∂ρ
∂x
∂ϕ
∂x
− 2ρ˙ϕ˙
)
F ′(R)) ≃ − 1
cosh2 x
F ′′(R0)δR+
(
− δρ¨+ 2δϕ′′ − 2δρ′′ + 2 tanhxδϕ′
)
F ′(R0) . (29)
δ
[
∂2F ′(R)
∂t¯2
]
= F ′′(R0)δR¨ , (30)
δ
[
−ρ˙ ∂F
′(R)
∂t¯
]
= −ρ˙F ′′(R0)δρ˙ ,
δ
[
−∂ρ
∂x
∂F ′(R)
∂x
]
= tanhxF ′′(R0)
∂δR
∂x
,
δ
[
e2ϕ
∂
∂x
(
e−2ϕ
∂F ′(R)
∂x
)]
= −F ′′(R0)δR¨ ,
δ
[
−e2ϕ ∂
∂t¯
(
e−2ϕ
∂F ′(R)
∂t¯
)]
= F ′′(R0)
∂2δR
∂x2
,
δ
[
− e
2ρ
2M2
Λ
]
= − e
2ρ
2M2
Λδρ ,
where we also used,
∂2ρ
∂x2
=
1
cosh2 x
+
∂2δρ
∂x2
. (31)
and also only the first order terms in the perturbed variables are taken into account. The Ricci scalar variation at
first order reads,
δR = −M2δρ+ 4M2δϕ−M2 cosh2 x
(
2
(
δρ¨− ∂
2δρ
∂x2
)
− 4
(
δϕ¨− ∂
2δϕ
∂x2
))
. (32)
At this point we need to study the cases F ′(R0) 6= 0 and F ′(R0) = 0 differently. We start of with the case F ′(R0) 6= 0
first.
1. The Case F ′(R0) 6= 0
In the case F ′(R0) 6= 0, by taking into account the transformation properties above, and finally Eq. (20), the
resulting equations of motion become,
− d
dx
(
−2δϕ+ F
′′(R0)
F ′(R0)
)
+ tanhx
(
F ′′(R0)
F ′(R0)
δR− 2δϕ
)
= 0 , (33)
−F ′(R0) + 2M2F ′′(R0)
2M2
δR− F ′(R0)
(
δρ− δϕ− F
′′(R0)
F ′(R0)
δR
)
= 0 (34)
2M2
cosh2 x
δϕ+ δρ′′ − δρ¨− F
′′(R0)
2F ′(R0)
δR¨+
F ′′(R0)
2F ′(R0)
δR′′ = 0 . (35)
Therefore, the resulting picture of the perturbations of the Schwarzschild de Sitter mimetic F (R) black holes are
identical to the ordinary F (R) case perturbations [54], when F ′(R0) 6= 0. However, as we demonstrate in the next
section, the perturbations of the mimetic F (R) case can be different from the ordinary F (R) case, if F (R0) = Λ.
A. The Case F ′(R0) = 0 or Equivalently F (R0) = Λ
The mimetic F (R) gravity framework for Schwarzschild de Sitter black hole, differs from the corresponding ordinary
F (R) case, due to the fact that there is much more freedom in choosing F ′(R0). In fact in the ordinary F (R) case,
6F ′(R0) cannot be set equal to zero, since this would fix the function F (R0) too, with the latter being equal to zero.
In fact, in the ordinary F (R) case, the constraint equation between F (R) and F ′(R) at R = R0 is,
F (R0) =
R
2
F ′(R0) , (36)
which can be compared with the constraint of Eq. (20). As it can be seen from Eq. (36), if F ′(R0) = 0, this leads to
the constraint F (R0) = 0 too, but in the mimetic F (R) case, if F
′(R0) = 0, this leads to the less restrictive constraint
F (R0) = Λ. Obviously, the F (R0) = 0 constraint is more restrictive, since the functional form of the F (R) gravity has
to be of the form F (R) ∼ (R − R0)n, with n some positive real number. Clearly in the mimetic case, the functional
form of the F (R) gravity can be freely chosen, since any function will obey F (R0) = Λ, for a constant curvature R0.
As we already mentioned, when F (R0) = Λ, this implies that F
′(R0) = 0, so let us investigate how the perturbations
will behave with this constraint. By using the transformations (28), (29) and (30), with F ′(R0) = 0 and F (R0) = Λ,
we obtain the following equations obeyed by the perturbations of the Nariai metric (22),
F ′′(R0)
[
− 1
coshx
δR+ tanhx
∂δR
∂x
+
∂2δR
∂x2
]
= 0 , (37)
F ′′(R0)
[ 1
coshx
δR+ δR¨+ tanhx
∂δR
∂x
]
= 0 , (38)
F ′′(R0)
[∂δR˙
∂x
+ tanhxδR˙
]
= 0 , (39)
F ′′(R0)
[
δR + cosh2 x
(
−δR¨+ ∂
2δR
∂x2
)]
= 0 . (40)
which intriguingly enough are identical to the perturbation equations of mimetic F (R) gravity for the Reissner-
Nordstro¨m anti de Sitter black hole, which is clearly different from the Schwarzschild de Sitter black hole, due to the
fact that Q in Eq. (12) is non-zero in the Reissner-Nordstro¨m case. It is expected that the anti-evaporation possibility
in this case will be the same in the too cases, but we refer from going into details on this, since a thorough analysis
was performed in [46, 53, 54].
IV. CONCLUSIONS
In this paper we investigated the conditions under which the Schwarzschild de Sitter black hole is a solution of
mimetic F (R) gravity with Lagrange multiplier and mimetic potential. After assuming that the curvature is constant,
the resulting mimetic F (R) gravity is a slight modification of the ordinary F (R) case, and particularly it is ordinary
F (R) plus a cosmological constant. The resulting perturbation equations in the case F (R0) 6= Λ, where Λ is the
aforementioned cosmological constant, are identical to the ones corresponding to ordinary F (R) case. Intriguingly
enough, when F (R0) = Λ, the resulting perturbation equations are identical to the ones corresponding to the Reissner-
Nordstro¨m anti-de Sitter case, with the difference being that in the case at hand, the F (R) gravity is less restricted
in comparison to the Reissner-Nordstro¨m anti-de Sitter case. Hence, although the mimetic F (R) case is a slight
modification of the ordinary F (R), we can see that the resulting perturbation equations of the Schwarzschild de Sitter
and Reissner-Nordstro¨m anti-de Sitter case are connected.
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